Jordan Form Examples

Examples of finding the Jordan form of a matrix.

Note: The "interface" command forces Maple to print arbitrarily large matrices instead of suppressing
large matrix output.

=> restart;
with (LinearAlgebra) :
interface (rtablesize=infinity) :

Example: Let's find a matrix which puts A (defined below) into Jordan form.

(> A := <<2,-3,0>|<3,-4,0>|<2,-2,-1>>;

2 3 2
A=| -3 -4 -2 0))
0 0 -1

=> factor (CharacteristicPolynomial (A,t)) ;
(t+1)° 2

Let's find the ranks of the first few (4 — (-1)1) L

> Rank (IdentityMatrix(3));
Rank ( (A- (-1) *IdentityMatrix(3))*1);
Rank ( (A- (-1) *IdentityMatrix(3))*2);
Rank ( (A- (-1) *IdentityMatrix(3))*3);
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So there are 3 - 1 =2 (linearly independent) eigenvectors with eigenvalue -1. And thereis 1 -0=1
(linearly independent) generalized eigenvector (which is not a regular eigenvector) with eigenvalue -1.
Thus we have a 2-chain and a 1-chain.

To find the 2-chain we need to find the generalized (non-regular) eigenvector. Any element in Ker
(4— (-1 )I)2 which does not lie in Ker(4 — (-1)/) will do. So we will find a basis for Ker(A4 — (

-1)I) and complete it to a basis for Ker(4 — (-1)1) 2 The extra vector that appears when we
complete the basis will be the

=> X := op(NullSpace((A-(-1)*IdentityMatrix(3))*1));
Y := op(NullSpace((A-(-1)*IdentityMatrix(3))"2));
F o= <X[1]IX[2]IY[1]IY[2]1Y[3]>;




> ql1]
al2]

# end

Y[1];

of the chain...

ReducedRowEchelonForm(F) ;

q, -~

Thus Y, lies in Ker(4 — (-1 )I)2 but not in Ker(4 — (-1)1). So we setgq,
q4,= (A — (-1 )13) Y, to get our 2-chain.

(A-(-1) *IdentityMatrix(3)) .Y[1];

((A-(-1) *IdentityMatrix (3))*2) .Y[1];

0
0
1

2

=Y, and then

(C))

C))



Now we need to find an element in Ker(4 — (-1)/) which is independent of g,

=> X := op(NullSpace((A-(-1)*IdentityMatrix(3))*1));

F := <q[2] |X[1]|X[2]>;
ReducedRowEchelonForm (F) ;

2
3 1
X:= 0o | 1
| 0
2
2 = 1
3
F=1 2y o 1
0 1 0
1
10 -—
2
01 0 (6)

So X, does the trick. Letting g, = X, we have completed our basis of generalized eigenvectors.

(> q[3] := X[1];

=] ™

Putting ¢, q,, 4 together in a matrix Q, we can put A into Jordan form.

Note: I will reverse the order of ¢, and g, so that the 1's in the Jordan form appear above the diagonal. If

we put the ¢'s in order, the 1's will appear below the diagonal. By the way, some texts prefer to define
Jordan forms with 1's below the diagonal.

(> 0 := <q[2]lq[1l]|q[3]>;

J = Q*(-1).A.Q;




-1 1 0
J=| 0-1 0 8)
0 0 -1

Exam plg; We will find the Jordan form (and a matrix to get A into Jordan form) where A is defined
as follows:

Note: 1 created this matrix by conjugating my desired Jordan form by a "random" matrix consisting of
integers between -3 and 3. If I had been more careful it wouldn't look so awful.

> A := Matrix (11, 11, [35389/9812, -16135/9812, -23543/4906,
9937/9812, 3637/9812, -54211/9812, -40917/9812, 117133/9812,
-36445/4906, 20087/9812, -12382/2453, 1189/4906, 4159/4906,
-4242/2453, 1707/4906, -1905/4906, -2757/4906, -5405/4906,
19797/4906, -5523/2453, 10797/4906, -5727/2453, -559/4906,
-9271/4906, 6333/2453, -2911/4906, -5339/4906, -2929/4906,
-2182/2453, 8027/2453, -6679/2453, -2815/4906, 3330/2453,
405/2453, -7141/2453, -5021/2453, 9038/2453, -3956/2453,
-7510/2453, -18167/4906, 46795/4906, -14637/2453, -5732/2453,
72/2453, -7211/9812, 47789/9812, 29203/4906, -23123/9812,
47257/9812, 41985/9812, 25093/9812, -93537/9812, 27979/4906,
-28581/9812, 6984/2453, 11299/9812, -26013/9812, -26755/4906,
18363/9812, 1459/9812, -30693/9812, -54359/9812, 148791/9812,
-46213/4906, 19977/9812, -15088/2453, 4717/4906, -18581/4906,
-12647/2453, 6739/4906, -6167/4906, -26749/4906, -3318/2453,
29087/2453, -18907/2453, 10361/4906, -8357/2453, 3336/2453,
-7235/2453, -12758/2453, 3273/2453, -1260/2453, -12891/2453,
-20033/4906, 71559/4906, -19938/2453, 6079/2453, -11999/2453,
15215/9812, -2561/9812, -17075/4906, 10443/9812, 227/9812,
-30869/9812, -10623/9812, 29727/9812, 295/4906, 16545/9812,
-7773/2453, -3193/9812, -3457/9812, 6071/4906, -11941/9812,
-797/9812, 5939/9812, 6997/9812, 1615/9812, -2527/4906,
25161/9812, 1875/2453, -14715/9812, 12521/9812, 19669/4906,
-13579/9812, 5549/9812, 28381/9812, 15641/9812, -43481/9812,
14473/4906, -23137/9812, 14064/2453]);

A':H35389 16135 23543 9937 3637 54211 40917 117133 36445

9812 ° 9812 ° 4906 * 98127 9812° 9812 ° 9812 ° 9812 * 4906 °
20087 12382 }

®

9812 ° 2453
1189 4159 4242 1707 1905 2757 5405 19797 5523 10797
4906 ° 4906 ° 24537 4906 ° 4906° 4906° 4906° 4906 > 2453 ° 4906 ’
5727

et |

559 9271 6333 2911 5339 2929 2182 8027 6679

[_ 4906 ° 4906 2453° 4906° 4906 ° 4906 ° 2453 ° 2453’ 2453’
2815 3330

4906 7 2453 }
405 7141 5021 9038 3956 7510 18167 46795 14637

2453 ° 2453 ° 2453 2453° 2453 ° 2453 4906 ° 4906 ° 2453 °




5732 12 }
2453 2453 |
[_ 7211 47789 29203 23123 47257 41985 25093 93537 27979

98127 9812 ° 4906 ° 9812 ° 9812 ° 9812 > 9812 ° 9812 ° 4906 °
28581 6984

9812 ° 2453 }

[ 11299 26013 26755 18363 1459 30693 54359 148791 46213

9812 > 9812 ° 4906 ° 9812 * 98127 9812 > 9812 ° 9812 ° 4906 °
19977 15088 }

9812 ° 2453
[4717 18581 12647 6739 6167 26749 3318 29087 18907

4906 ° 24537 2453 2453 °

4906° 4906 ° 2453 ° 4906° 4906’
10361 8357

4906 > 2453 }
[ 3336 7235 12758 3273 1260 12891 20033 71559 19938

24537 24537 2453 7 24537 24537 2453 7 4906 ' 4906 ° 2453 °
6079 11999

24537 2453 }’
[ 15215 2561 17075 10443 227 30869 10623 29727 295

9812 ° 98127 4906 > 9812 ° 9812° 9812 > 9812 ° 9812 ’ 4906’

16545 7773

9812 ° 2453 }

3193 3457 6071 11941 797 5939 6997 1615 2527 25161
[ 98127 98127 4906° 9812 ° 98127 98127 98127 9812° 4906° 9812 °
1875
2453 }

[_ 14715 12521 19669 13579 5549 28381 15641 43481 14473

9812 * 9812 ° 4906 ° 9812 ° 98127 9812 * 9812 ° 9812 ° 4906 °

_ 23137 14064 H
9812 * 2453

The LinearAlgebra package has a command "JordanForm" to do this for us. The option "output='Q"'
returns the matrix which conjugates A into its Jordan form.

=> JordanForm (A) ;
Q := JordanForm(A,output='Q');
Q*(-1) .A.Q;
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0000 002
Q?*=[[ 1751 11835225256960520826327 35205531204623

4906 °  13629225786822765262 0, 1367022248922 °
151542438715751638886503 9651729611715029751 7363500110
735978192488429324148 ° 11112291713675308 ° 278642937 °
30768039250080150913  8188915500390983933 53220704
150015938134616658 11112291713675308 278642937 °
258822042271087447231
5100541896576966372 |
1751 404100790220868516421871 81457633615465
9812°  926787353503948037816 2734044497844 °
1135401216437833913825735 164848814302785656471 8530585250
 4170543090767766170172 ° 377817918264960472 ° 278642937 °
462360838055622816457 139855178952624980389 129514387
©1700180632192322124 ° 377817918264960472 ° 557285874’
210721406287021390325
©3400361264384644248 |
1751 100213590322286176077863 17 259171799794751199467561

4906 °  115848419187993504727 2453 12511629272303298510516 °
207761784560709493225801  163435354752149741923  27157501030705125775

1042635772691941542543 °  188908959132480236 ~  1275135474144241593 °
338595215239270468517 138658139374587441257 215543664018522019
1700180632192322124 *  188908959132480236 °  1275135474144241593
35404930260727919035

784698753319533288 |

1751 396792094902863823775005 17 ~ 104223339510929811140011
9812° 926787353503948037816 ~ 2453 °  6255814636151649255258 °
215684363744100408566335 161771170688265053655  21816645528020704315
1390181030255922056724 °  377817918264960472 °  1275135474144241593 °




43953421025463693295  137280717168711966277 325499961158675507
283363438698720354 °  377817918264960472 ’  2550270948288483186
173742063742261708397

5100541896576966372 |

1751  200755150651572432111809 0. - 35186583484907

4906 ° 231696838375987009454 7 1367022248922 °
52373084975359301151737  163569335690716043555 7363500110

245326064162809774716 ° 188908959132480236 ° 278642937 ’
10645667452779818651  138799564469738632173 53220704
50005312711538886 ° 188908959132480236 ° 278642937°
86383280129483648345
1700180632192322124 [
5253 110092064878426905186855 17 18994406314046014585385
9812°  84253395773086185256 4906 6255814636151649255258 °
15308157206333640161509 493777032004726818709  8007409349739620593
 568710421468331750478 ° 377817918264960472  2550270948288483186
34017304283856964823 418921921411896687639  159944283231356477
©1275135474144241593 ° 377817918264960472 ° 5100541896576966372 °
3537463386710401327
© 425045158048080531 |
1751 400859917046167386214983 ~30379423520857

T 98127 926787353503948037816 0, 2734044497844 °
1414182689055600537476305  163309992495525355063 3178817072
12511629272303298510516 °  377817918264960472 ° 278642937 °
577945174355193785483  138567948060668473333 47191159
5100541896576966372 > 377817918264960472 ° 557285874’
231478257751116791767

10201083793153932744 |

1751 404100790220868516421871 0. - 30379423520857

9812 ° 926787353503948037816 ° 7 2734044497844 °
1414009270631116920619657 164848814302785656471 3178817072
12511629272303298510516 °  377817918264960472 ° 278642937 °
577945174355193785483  139855178952624980389 47191159
5100541896576966372 ° 377817918264960472 °  557285874°
231478257751116791767

10201083793153932744 |

1751 399062979151050970857859 _ 4258096484527

9812°  926787353503948037816 0, 227837041487 °
65350082938000465206614  162791306105143978079 1783922726

347545257563980514181 377817918264960472 ~ 92880979 °
26681254977507406429 138104715242528155653 13720538
141681719349360177 > 377817918264960472 ° 92880979
11201180652605890949

283363438698720354 |



1751  401179585119562995301157 17 12692953538678643802607
9812° 926787353503948037816 ° 4906 ° 12511629272303298510516°
2934610925580655632995  163560717008774128783  2674301655629222327

231696838375987009454 °  377817918264960472 ’ 2550270948288483186 °
2399775255866809037  138748330688506409181  51230450525380585
188908959132480236 °  377817918264960472 ’ 5100541896576966372 °
27557642818936045603
10201083793153932744 |
1751  400848805532122022407921 0 3691664261931
9812° 926787353503948037816 ° ° 911348165948 °
193312959352627805084428 163560717008774128783 389028380
3127907318075824627629 °  377817918264960472 ° 92880979 ’
317239252682806188155  138748330688506409181 7690993
5100541896576966372 °  377817918264960472 ° 185761958 °
_ 114184426650624993859
10201083793153932744 }}
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Let's go ahead and compute these things manually.

First, we should figure out what the eigenvalues of A are. This can be done directly using
"Eigenvalues" or indirectly by computing "CharacteristicPolynomial" and factoring. Maple's
characteristic polynomial is the same as that in Curtis: f(t) = det(t[-A) which differs from the Spence,

Insel, Freidberg polynomial by a factor of (-1)" or in this case (- 1) M__q.

=> Eigenvalues (3) ;




an

[ S S e S R S S S Y Y B Y]

=> -CharacteristicPolynomial (A, t) ;
M 434 4% — 5147 + 4560 £ — 26385 £ + 104622 £ — 290388 £ + 564888 1 — 7557607  (12)
+ 663200 £ — 344000 ¢ -+ 80000
=> -factor (CharacteristicPolynomial (A,t)) ;
~t=5)" 1—2) 13)

Maple can compute the minimal polynomial of a matrix. Notice that A satisfies both of the
characteristic polynomial (by the Cayley-Hamilton Theorem) and minimal polynomial (by definition).

=> factor (MinimalPolynomial (A, t)) ;
i (t—5)* (1—2) 14)
> simplify (subs (t=A,CharacteristicPolynomial (A,t)));

simplify (subs(t=A,MinimalPolynomial (A,t)));

000000O0OO0O0OO0OO
0000000O0OO0O0OO
000000O0O0O0OO0OO
000000O0OO0O0OO0O
0000000O0OO0O0OO
000000O0O0O0OO0OO
000000O0OO0O0OO0O
0000000O0OO0O0OO
000000O0O0O0OO0OO
000000O0OO0O0OO0O
0000000O0OO0O0OO
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So far we know that A has two eigenvalues: A =5 with algebraic multiplicity 4 and A =2 with algebraic
multiplicity 7. Thus we need to find 4 (linearly independent) generalized eigenvectors with eigenvalue
5 and 7 with eigenvalue 2. But more than that, these vectors need to parts of chains if we are to get our
matrix into Jordan form.

To figure out the length of the chains we need to compute ranks of (4 — A/ )l fori=0...11 (Actually we
only need to compute ranks up to the point we get a repeat. This will happen by the time we hit the
eigenvalue's algebraic multiplicity. On the other hand, Maple can happily compute more ranks than we
really need).

=> seq(Rank ( (A-5*IdentityMatrix(11))*i) ,i=0..11);

| 11,8,7,7,7,7,7,7,7,7,7,7 (16)
> seqg(Rank ( (A-2*IdentityMatrix(11))*i) ,i=0..11);
11,8,5,4,4,4,4,4,4,4,4,4 17

So we have that the nullity of 4 —57 is 11 — 8 =3 and the nullity of (4 —5 I)Zis 11 —7=4 (asis

the nullity of (4 —51)' for alli > 2). This means we have 3 linearly independent eigenvectors with
eigenvalue 5 and 1 more generalized eigenvector (which is not a regular eigenvector). Thus we should
be able to find 1 chain of length 2 and 2 chains of length 1.

The nullity of 4 —2 17 is 11 — 8 =3, the nullity of (4 - 2 [)2 is 11 — 5 =6, and the nullity of
(A—2 1)3 is 11 —4 =7 (as is the nullity of (4 —2 1)’ for alli > 3). This means we have 3 linearly
independent eigenvectors with eigenvalue 2, 6 — 3 =3 more generalized eigenvectors in

Ker (4 —2 I)2 which are not regular eigenvectors, and 7 — 6 = 1 generalized eigenvector in Ker (A4

—21 )3 which are not Ker (4 — 2 1)2. Thus we will have 1 chain of length 3 and 2 chains of length
2.

Let's find these chains.

First, A=35. We will start with the chain of length 2. This is generated by the non-regular generlized




eigenvector. We need something in Ker (4 —5 I)2 which isn't in Ker (4 —2 7). So we'll find a basis

forKer (4 — 2 I) and complete it to a basis for Ker (4 —5 [ )2
complete the basis will be the vector we're looking for.

. The new vector that shows up when we

=>X:
Y :

= op(NullSpace((A-5*IdentityMatrix(11))”*1));
= op(NullSpace((A-5*IdentityMatrix(11))*2));
F o= <X[1]IX[2] IX[3]IY[1]IY[2]IY[3]1Y[4]>;
ReducedRowEchelonForm (F) ;

2 21 2
0 0 ]
1 -2 ] -1
R I R
6 5 3
X:= 1| 1| 3
20 211 -1
0 0 ]
0 | 0
] 0 0
] 0 0
S 1
2 2 _
0 0 2 2
N R
2 2 4| -1
15 || 3 || 5] 3
y=| 2 || 2| 1| 3
S 3] 2] -1
2 2
0 |
3 1
] 0
0 0
0 0
0 0
0 0
0 1 -
1 0




2 2 2 é; —%— 2 2
001 0 0 0 1
-1 -2 -1 -2 1 -2 -1
-4 -4 -1 -%— -%— -4 -1
6 5 3 B 3 5 3
F = 2 2
1 1 3 é; —é% 1 3
2 -2 -1 -3 1 -2 -1
001 0 0 0 1
01 0 0 0 1 0
1 00 0 1 0 0
1 0 0 1 0 0 0
(1000 100
0100 010
0010 001
0001 -100
0000 000
0000 000 (18)
0000 000
0000 000
0000 000
0000 000
0000 000

SomemmemrmﬂwbmmﬁnKﬂ(A—SIf(mmma%ﬂwb%mﬂmnKﬂL4—SD.ﬂmsﬂma
generlized eigenvector which generates our chain of length 2. Let's call the vectors in this chain g, and

q5-

> ql1]
al2]

# end of the chain...
((A-5*IdentityMatrix(11))+2).Y[1];

Y[1];
(A-5*IdentityMatrix(11)) .Y[1];
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Next, we need to find our 1 chains (eigenvectors) which aren't among those we've already found (i.e. g,)

. So we find a basis for Ker(4 — 5 ) and find which of these vectors completes the basis starting with
the eigenvector we already know.

"> X := op(NullSpace ((A-5*IdentityMatrix(11))+1)) ;

F := <q[2] |X[1] IX[2]|X[3]>;
ReducedRowEchelonForm (F) ;

2 2] 2
0 0 1
-1 -2 ] ] -1
-4 || -4 -1
6 5 3
x=0 1| 1| 3
2] -21]] -1
0 0 1
0 1 0
1 0 0
1 0 0




> q[3]
ql4]

X[1];
X[2];
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The first two vectors in the basis for Ker(4 — 5 ) do the job. We'll call these ¢4 and g,,.

(20)
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Now we move onto A =2.

First, let's find our chain of length 3. We need a vector in Ker(4 —2 I )3 which does not belong to Ker

(4A—2 )2. So again we take basis for Ker(4 — 2 I)2 and complete it to a basis for Ker(4 — 2 )3. The
extra vector that shows up will be the one we're looking for.

=> X :
Y :

op (NullSpace ( (A-2*IdentityMatrix(11))%2));
op (NullSpace ( (A-2*IdentityMatrix(11))43));

F o= <X[1]IX[2] |X[3]|X[4]|X[S]IX[6]I1Y[1]IY[2]|Y[3]|Y[4]|Y[5]IY
[611Y[7]>;
ReducedRowEchelonForm (F) ;
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5 117 2 5 11 25 47 2
_3323 3 b 3303 3’ 3323 3 b 4 9 12909 3 9
0707070707]‘7070707070707l7
0,0,0,0,1,0,0,0,0,0,0,1,0],
0,0,0,1,0,0,0,0,0,0,1,0,0,
0,0,0,1,0,0,0,0,0,1,0,0,0],
0,0,1,0,0,0,0,0,1,0,0,0,0,
0,1,0,0,0,0,0,1,0,0,0,0,0|,
1,0,0,0,0,0,1,0,0,0,0,0,0
(1000001000 000 ]|
0100000100 000
0010000010 000
0001000000 100
0000100000 010
0000010000 001 (22)
0000000001 -100
0000000000 00O
0000000000 00O
0000000000 00O
0000000000 00O

This time Y, gives us the missing basis element. Let's call this vector g5 and generate its chain (calling
the other two vectors g, and g-).

(> q[5] := Y[4];
ql[6] = (A-2*IdentityMatrix(11)) .Y[4];
ql7] = ((A-2*IdentityMatrix(11))*2).Y[4];

# end of the chain...
((A-2*IdentityMatrix(11))“*3).Y[1];
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Now let's find our two chains of length 2. We need to find vectors in Ker(4 — 2 /) 2 which don't lie in
Ker(4 — 2 I) and also don't appear in our previously computed chain. So we'll find a basis for Ker

(A —2 1) complete it to a basis for Ker(4 — 2 I)2 chucking g, in front to rule it out. (Why ¢,? Because
it lives at the same "level" as the beginning of our two new chains.)

=>X:
Y :

= op(NullSpace((A-2*IdentityMatrix(11l))”*1));

= op(NullSpace((A-2*IdentityMatrix(11))*2));

F := <q[6] IX[1]IX[2] IX[3]IY[1]I1Y[2]1Y[3]1Y[4]1Y[5]|Y[6]>;
ReducedRowEchelonForm (F) ;




D | en - o o o © © ©
1 I
121_21200100000
I I
njen V1Y 4w a|en o Adln Al = o o
| v o
1%73273730011000
- ! | |
O O N N O —« o O ©o — o R
I
= 0%738 —
S Rlen Tl © © o o -~ o ©
|
t|en T T o | = —~|en —|en © o —~
_ o
Il ~la "N rld o oo oo~ o

>t | |

-

v 769
2722 2765_30000001
|

I,
S~




N

N AN

(24)




The first two vectors in the new basis do the trick: ¥, and Y,. Let's call them g and g, (calling the

4 16
100000 -— — O

5 5

53 131
01 0000O0 10 5 0

26 79
06001000 -— — -1

5 5

5
000100—? 14 0

8 7
000010 — -— 0

5 5

8 7
000001 — -— 1

5 5
00000O0O O 0 0
00000O0 O 0 0
000000 O 0 0
00000O0O O 0 0
00000O0O O 0 0

second element in these chains g, and g, respectively).

> q[8]
ar9]

q[10]
q[l1]

Y[1];
(A-2*IdentityMatrix (11)) .Y[1];

Y[2];
(A-2*IdentityMatrix (11)) .Y[2];

(24)
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Now we have a basis made entirely of chains of generalized eigenvectors. I will reverse the order of
each of these chains so our "1's" in our Jordan form appear above (instead of below) the main diagonal.

> P := <q[2]|q[1]1q[3]1q[4]Iq[7]1ql6]1q[5]q[9]|q[8] 1ql11] q[10]>;



"> PA(-1).A.P;
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